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ABSTRACT

/
V

A noise-generating algorithm and associated computer program

for well-defined testing of beamformers are described. The algorithm is
especially suitable for superdirective arrays of underwater hydrophones
as 1t generates Gaussian noise of specified coherency. Statistical
properties of the generator are confirmed to be those planned, and the
ability of the generator to synthesize noise for isotropic or surface
noise sources 1is verified for three-element arrays. Cumulative
distributions for estimated coherency were obtained for the model.
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INTRODUCTION

Computer programs for theoretical testing and comparison of
beamforming algorithms require noise generating algorithms that

synthesize noise of known coherency and statistical properties.

There is a significant advantage in using noise synthesizers

to select suitable beamformers economically before field testing. The
type of noise generated can be controlled and the beamformers tested for
a set of defined and reproducible noise conditions. A considerable time-

saving results since the testing of the beamformers for noise conditions
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that might be met in the field over several years can be done in the
laboratory in a matter of days.

For arrays of widely spaced sensors, where the noise is
¥ uncorrelated from sensor to sensor, noise generators simply consist of
uncorrelated noise sources, one noise source for each sensor. However,
for arrays of closely spaced sensors, a model to generate noise

correlated from sensor to sensor is required. This memorandum describes

the simulator, verifies its statistical properties, and delineates those

noise fields that can be represented by the simulator.

PR

P THEORY

A beamformer that expliecitly includes a device to calculate
Fourier transforms of the hydrophone outputs 1is shown in Figure 1. For
computational efficiency, the noise generator described here produces the
Fourier transforms of the noise directly, instead of generating the time
i series of the noise and subsequently calculating the transform. These
f transforms are arranged to be random variables with a Gaussian

distribution that has been found to be characteristic of ambient noise

over intervals of a few minutesl.
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To generate noise of specified coherencles between the n

sensors, the Fourier transform Xj(w), of the ith sensor at the frequency
; ws 1s written as a linear combination of real and imaginary pairs of
Gaussian distributed random variables Z;(w). Both the real and imaginary

parts have a mean of 0O and a variance of 0.5. Dropping reference to
frequency, these linear combinations are written:
X)=aj1 2y +ajppz2+.....+ ajn 2,

X9 =ag) Z; + azpg 2+ .. .. .+ as 2,
(1)
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Figure 1. In the generalized beamformer shown the time series xi(t) is
Fourier transformed to X( wj) and the transforms are
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multiplied by the weights ky(w
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The values of the aj j» which are restricted to be real, are
determined by the requirements that on the average the noise field power,
9 i=j, be homogeneous (the same at all hydrophones and equal to unity)
and that the average noise field coherency, 9 ikj, between sensor pairs
be as specified by the user (e.g. isotropic noise). These two conditions

may be written

ST X X" i,j=1,2,...n. (2)
In addition, the simplifying assumption was made that
ajy = 0 >i. 3)

By combining (1), (2), and (3) and using the independence of
the Zl it can be shown that

i
* =

k l aikajk j-l.-.i; i+l,--ono (4)

These equations are solved for aj; and the Fourler transforms
Xy are then calculated from Equation (1), A listing of the noise
generating program is contained in Appendix A. The subroutine Gauss 4
called by the noise generator has been extensively tested and found to be
faster computationally and better statistically than the random number
generator 'Gauss' supplied with [BM systems softwarez.

The noise generating algorithm cannot solve for ajj for all
arbitrary sets of coherency values. Firstly, the form of Equation (3)
restricts noise fields modelled to those for which qij'qji' By doubling
the number of random variables Z;, complex 4 4 could be accommodated.

Secondly, even for a three-element array the requirement that a3j be real

restricts permissible qy 4. To obtain some indiration of whether this 1is




a severe limitation, examples of noise fields that give real a3j3 for a

three-element ‘equispaced' horizontal 1line array were determined
numerically and theoretically.
The condition on qjj that must be satisfied for real a33 for

any three-element array is,

2 2 2
ay3 953 ¥ 2953 953 9, * 4], - 120 (3)

This condition is a special case of the more general requirement that the
cross spectral matrix be Hermitian positive semidefinite3. Equation (5),
which is derived in Appendix B, was tested for isotropic noise, i.e.

noise whose coherency is given by

in(kd
qpy = Sintkdip (6)
kdij
and for surface-generated noise for which the coherency can be expressed
as
- 20y ! Jp(kd)
(kdy )™

qij (7)
where k is the wave number, dij is the sensor separation, and Jn is the
Bessel function of the first kind of order m. The condition specified by
Equation (5) is satisfied for three-element equispaced arrays for
isotropic noise and for surface generated noise for m = U, 1, 2 and %- up
to 0.95. This was shown theoretically for surface noise as outlined in
Appendix C and numerically for isotropic noise. Beyond 0.95 of a
wavelength the model approaches that of independent noise sources, one
noise source for each hydrophone,

It might be thought that allowing 3jj to be complex would
remove the restriction imposed by Equation (5) and allow modelling of a

wider range of noise fields. However, even for complex ajj the
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restriction on the noise coherency as defined by Equation (5) remains.
Furthermore, allowing aj j to be complex introduces a new difficulty.
While for real aj; all sensors will have a uniform distribution of the
phase shift between the real and imaginary parts of the Fourier
transform, complex aij introduces the situation where there are
distinctly different distributions for different hydrophones; this is
equivalent to saying that the noise field is not homogeneous in the phase
shift distribution and is therefore rather unrealistic. The restriction

to real ajj is thus not purely arbitrary.
D CUSSION OF RESULTS

Tests were carried out to determine whether the synthesizer
produced noise with the desired statistical properties. Firstly, the
Kolmogorov-Smirnov test was applied to test the hypothesis that the
Fourier transform amplitudes are Gaussian distributed random variables.
The test was applied to the cumulative distribution. Each cumulative
distribution tested contained 500 samples of the transform and 100
cumulative distributions were tested. A significance level  was
calculated for each of the 100 cumulative distributions. The
significance level 1indicates the probability that the cumulative
distribution would have occurred by chance. Individual significance
levels were consistent with the hypothesis that the sample came from a
population of Gaussian distributions.

The 100 significance levels from the Kolmogorov-Smirnov test
were also examined. They lie between O and 100% and should have an equal
probability of occurrence, 1i.e. the significance levels should be
uniformly distributed. The observed set of 100 significance levels
obtained in the Kolmogorov-Smirnov test departed somewhat from a uniform
distribution. [t was necessary to know whether this departure from a
uniform distribution was 1likely to occur by chance. Again the

Kolmogorov-Smirnov test was used to investigate the hypothesis that the
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significance levels were uniformly distributed. This hypothesis of

uniform distribution could not be rejected at the 277 level, i.e. there
is approximately one chance in four of obtaining this particular
distribution or one with a greater deviation from uniformity. Thus there
is no reason to suspect the original hypothesis of the Fourier transform
amplitudes being Gaussian distributed. Indeed confidence in the
hypothesis is increased.

Secondly, the power from each sensor was tested to determine
whether the power was chi-squared distributed with two degrees of
freedom. Significance levels were calculated from the Kolmogorov-Smirnov
test for cumulative distributions containing 100 samples of the power in
20 trials with 5 sensors. The calculated individual significance levels
were consistent with the chi-squared hypothesis. Again to aid in the
evaluation of the significance levels as a group, the hypothesis that the
significance levels were uniformly distributed, as they should be, was
tested with the Kolmogorov-Smirnov test. It was found that the
hypothesis could not be rejected at the 77% level. These results are
taken as confirmation that the power is indeed chi-squared distributed
with two degrees of freedom as was intended.

Thirdly, the phase angle of the sensor outputs should be
uniformly distributed. In the 20 trials with 5 sensors, significance
levels were calculated using the Kolmogoruv-Smirnov test for cumulative
distributions containing 100 samples of the phase angle. Again the
individual significance levels were consistent with the hypothesis under
test. Since the significance levels should themselves be uniformly
distributed, they were tested for a wuniform distribution with the
Kolmogorov-Smirnov test. The hypothesis of a uniform distribution of the
significance levels could not be rejected ac the 977 level so that the

hypothesis that the phase of the sensor output is uniformly distributed

gains further support.




PROBABILITY

Additional checks were made to verify that the algorithm
produced noise whose coherencies converged to the specified coherence for
the noise field. Hydrophone outputs were synthesized for isotropic noise
and also for a surface noise field represented by J,(kd) as given by
Equation (7) for w=0. This was carried out for up to five hydrophones
for various sensor configurations and in all cases solutions were found
for the aj je The calculated coherencies for estimates made from samples
of 100 coherencies produced by the simulator showed a bias. That bias
agreed well with the bias given by Benignus5 for coherencies generated
from two independent Gaussian noise sources,

Cumulative distributions for the coherencies were calculated
for a sample size of 100 at 9 selected coherencies. These are plotted in
Figure 2 to characterize the model and enable comparison of measured
cunulative distributions of coherency with coherency calculated from the
model. For sample sizes between 2 and 100 the 95% confidence limits are

summarized in Figure 3.
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SQUARED COHERENCY
Figure 2, Cumulative frequency distributions for the calculated mean
squared coherency. To obtain the curves [iotted, 500
estimates of coherenry were made with a sample size of 100.
The true squared coherency is listed beside each curve.
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CONCLUSIONS

The algorithm meets the requirement of generating noise for

testing beamformers for closely spaced arrays. This enables testing and
comparison of beamformers in the laboratory for noise fields of defined
and reproducible properties.

It was verified, for three-element equispaced arrays, that
the algorithm is able to model noise fields with coherencies
corresponding to isotropic noise and to surface noise fields. However,
the algorithm does not generate noise for all arbitrary noise fields. An
expression that must be satisfied by the coherencies for a three-element
array was obtained.

The statistical properties of the synthesizer were confirmed
to be those for Gaussian noise and cumulative distributions of the

coherency were obtained.
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1. r SUBROUTINF rUEFF (NUM,Qsa) 756
° ?2. r o TTT T IST
a. r 758
4, r PURPOSE: THIY SUBRUUTINF rOMPUTES THE COEFFICIENTS FUR THF 759
s, r GHENFRATIOM NF CNRKELATED NOISE FOR NuF SENSORS FHOM NLM GAUSSTAN 760
A, r SOURCES . /61
7. r 762
R, [ PRAGRAMMERT N, , SCHROEDER 763
9, r 764
. mn, r LAST HEVISION paTe® 10 AUGUSTY 1978 765
11, r 786
12. & METMOD: Teg SUWROUTINF ASSUMES THAT THE COEFFICIENTS FURM A 767
13, r LOWFR TRIBNGULAR MATRIX, THAT [S THAT SENSQR (1) RECEIVFS 768
14, r NN[SE COMPONENTS FAOM A MAXIMUM OF (1) NOISE SOURCES, Imk 769
18, r SUBROUTINE ALSO ASSUMES TwWaT CERTAIN SIMPLIFYING ASSUMPTIONS 770
16, r HAVE BEEN MALE! THET THE AVERAGE POWER FROM ANY ONE (1) SENSOR 771
17. r IS ONE (1); 1WAY THE MOISE SOURCES ARE TQTALLY UNCORWELATFD: 772
18, r AND THAT THE COHWERENCE MATRIX S KNOWN 773
19. r Tuk ROUTINE CALCULATES ThE COEFFICIENTS BY COLULMNS, PIwnSY 774
20, 4 DETERMINING THE VALUE OF THF DIAGONAL ELEMENT AY TWE TUF OF 775
21, r THek NCON-ZERQ ELEMENTS OF €ack CULUMN, AND THEN THE FLEMENTS 776
22. r BELOW. 777
23, r TuE METHOD FLLLOWS FROM Tug FOLLOWING EQUATIONSS 778
24, o 779
25. r TYE EXAMPLE 1S FUR A FOUR (4) SENSOR CASE. 700
26, r 78%
27, r Glg,11za(1,108a0g,1) 782
FL 4 Qe3,1)za01,1)28¢3,1) 783
2%, 4 Cla,1)0=a01,10%2(4,1) 784
36, r 785
31, r Gl3,20=zat2,100a00,1)+a02,2)ea(3,2) 786
$2. 4 Qlé,2)zatz,10ea(4,1)%A(2,2)0A14,2) 787
e, r 788
3e, r WU4,3)=a(3,1)8806,1)%403,2)ea(4,2)ea(2,3)08a04,3) 789
3=, r FROM ThE FUUATIONS 1T IS rLFAR THAY FCR aANY NONDIAGONAL ELEMENT 790
34, r A(]1,3), | GREATFR THAN J; 791
37, r 792
LA, r ACT. Y200, w)=SUMATINNCAL] ,K)®ACD,K)),K21,001) 793
Ac. r o-resmeeoan crenee Pecacecaaa ere-m-ec-prmcacacene 794 :
atc, r ACy, ) 795
a1, r 796
LN r Tuk INPUT PanamaTEKS anF: 797
a3 I3 798 .

- " © 7" 'DATA PROCESSING CENTRE i ' "DEFENCE RESEARCH ESTABLISHMENT, PACIFIC ‘




: €020 ’:17 NOV 9,078 . PagE o3

) a4, ¢ NUWessTHE NUFBER OF SENSORS. 799 :
: a5, r CeeeThE COMEMENCE MATRIX. 900 . |

T TR T T T T T T T e e T ey T T .
47, r Twug QUTPUT PARAMETERS ARE! a02 i
4R, [ 803 f
49, r A®veThE MATRIX wHICH CONTAINS Twk COEFFICIENTS, 804
50, [ 80%
51, r SUBRQUTINES NEQUIREDS NONF (11
52, " 807 i
53. r PRUGRAM QUTRLTD NONE 809 !
5e. r 809
55, SURWOUT INE COEFF (NUMIQuaA) 810 ; :
56, 4 813 .
57. hgALey B8(10.101 812 , v
SR, KEAL®E SUM 813 |
56, rEAL®S AL10.10) 814 '
60. CIMENSION Q110,10) 819
61, [ LOAD COEFFICIENT KATRIX W]TW ZEROS 81¢
62. LO 150 1150:=1.nUM 817
83. L0 151 1151=1.NLM #18
64, Et1189,1151020,0 819 \
65. 151 COnTINUE 820 '
66, 150 CONTINUE 821
67, r LOAD [N 1 FOR VALWE OF A(1,1) 822
6H. ri1,1)%1.0 823
690, LO 100 [100=1,NUMe1 824
70. DO 101 [101=sJ100*1,NyUM 82%
71, c INITIALIZE SUM AS COWERRENCE BETWEEN SENSQRS 1100 AAD (101 826 [
2. SuMzDBLE {0¢1200,1401)) 827
73. 00 10« f1u2s81,1100+1 628
74, [ SUETRACT RROCUCTS FROM SUM 829
ba- P SUM=SUM=(R(1100,1102)#8(1101,1302)) a3e
74, 162 CCNTINUE 831
77. 3 DIVIGE SUM RY D{AGONAL ELEMENT 832
7R, ACI101,1100)=2Sum/B(110G0, 1200 333
79. 101 CONTINUE 43a :
a¢. 4 +IND DIAGONAL ELEMENT 8Y FINDING RUCT OF 3 MINUS THE SUM UF THE 835 4
81. - SQLAKES QF THE QTRER TERMS [N THE HOW 836
82, symet, 0 837
a3. Do 103 110921,)3C0 838
84. SUMBSUM=(R (13001, 1103)8B(120U1,]1C3)) 83¢
85, 103 CONT INUE 840
6. E(1100#1,1100+1)=2DSUNTCSUM) 84y '
87. 100 CONTINUE [ L}

> 88. " LO 104 1104=1,nLm 843
B9, r  COMVERT TO SINGLF PRFCIDIUN FUUVALENT 844

L/ 7kt 4's i - R 4110 €1 i (-4
91. AC[105,1104)sSNGLUB(TI105,1104)) 119
92, 165 CONTINUE 847
93. 104 CONTINUE 848
' RETURN 849
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APPENDIX B

In this appeadix the condition on the noise coherencies 9i j
for real aj3 is derived for a three-element array. As previously the

hydrophone output X; is written

: Xi = 811 Zl + aiz 22 B O ain Zn (Bl)
Y
now a1y = X;Xj" and zy24* = ) 1= (B2)
=0 143
# i
T so that qij = I aj a jk (B3)
: k=]

solving (B3) for a 1j we obtain:

a0 0 1 0 0
. N,
ay) 3y Y 9 1-4q%, 0
a3) 33 333 93 923 7 953 9, 2
/ (33 = 913 95,)
: Vi- % -l - 2
t 1 -ap,
é so that for ajj to be real
2 2 2 -
13 9] ¥ 9%3 - 2053 9)39;, ~ 140 (B4)
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APPENDIX C

In this appendix some noise fields that can be modelled by
T T the algorithm are determined. The investigation 1is limited to
three-element 'equispaced' horizontal arrays. For an equispaced array

q12 = q23 and (B4) becomes,

2. -] - 2q2 -
a3 ~ 1 - 297, (q;3 - 1D <0

for a33 real. This equation may be written

- - 2
(q13 1)(q13 +1-2qf) =<0

and since (q)3 - 1) is always negative we require

2 . -
2 qu q13 1<0 (cl)

for real ai33.

Case 1

For surface noise whose coherency can be represented by J,(x)
where x = kd, the left-hand side of (Cl) becomes

23,2(x) - Jo(2x) - 1 (c2)

To evaluate this expression we have the addition theorems for Bessel

functionu6:

J2(x) 42 I JI¥x) =1 (c3)
° k=1 K

[

and Jo(2%) = J 2(x) + 2 kz_l (-D¥ 3. 2(x) (cs)
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Substituting (C4) in (C2) and splitting the sum into even and odd parts

we obtain
2 - 2 T 2 -
J5 (x) - 2 kfl 35 (x) + 2k_0 J2k+1(") 1
= J2(x) -4 I R (x)+2 I 32 -1
o k=1 2k k=1 k

and by applying (C3)

= -4 I J2 (x)
oy 2K

This verifies that the left-hand side of (C2) is certainly less than or
equal to zero for all x. Thus the algorithm can find real aj3 and
synthesize acoustic noise for surface noise of the form Jo(x) for all

hydrophone separations with a three-element equispaced array.
Case I1

For surface generated noise fields the noise coherency ran be

expressed by“:

ag - immz Jn(x)

= ; (~1)k x2k i (C5)

k=0 22k k1 (n + k)!

To simplify substitution into (Cl), the test for real aj3, we note that

2, - Jax) | 2w w00 o, DR xZat gpo b o
x® 22(m+ 1)1 x 22k k! (m + k)!
ql} - l - axzm! + ....0..‘!......+ l.(-l)k XZk m! + L N ] (c7)

22(m +1)! 22k k1(m + k)!




Now substituting in (Cl), grouping even and odd terms and using % to

denote the even terms, the left-hand side of (Cl) becomes

2 JpCx) } _ 2x2 m! Imlx) 4x2 m! F orenne
xm 22(m + 1)1 xM 2%(m + 1)1

—1)2 2% Jn(x) 2
cee | S lgv,x m! L -2} - X + ...(C8)

2 €% (m+2)!) |\ x™ 22 + 1) (m+ 2 + 1)

2" m! J_(kd)
sinoe-———————ji—— <1, the first and second terms in the above expression

(kd)

are negative for all x. The third term is negative provided x < 6. This
implies that a33 is known to be real under the following conditions,
l. the array consists of three equispaced sensors in a line;
2. the noise field is of the form (C5);
3. the largest hydrophone separations are < 0.95
wavelengths.
It was also found from numerical evaluation of Equation (Cl) that ajj3 is

real out to hydrophone separations of 1.5 wavelengths for m = 1, 2, or 3

with surface noise fields of the form given by (C5).
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